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Abstract 

Q, I In this paper, we prove the continuity of the flow of KdV on spaces of probabiUty measures 

.^ ■ with respect to a combination of Wasserstein distances on H\ s > Q and L^. We are motivated 

• I by the existence of an invariant measure belonging to the spaces onto which these distances 

'~i ■ are defined. 
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1 Introduction 

The Korteweg de Vries (KdV) equation 
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dfU + dlu + -dxU^ = (1) 
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is an approximation of the water waves in the case of large wavelengths and small initial data. 
There is an extensive literature on the Cauchy problem associated to KdV, from what we shall 
refer as a deterministic point of view, see for instance [lU] E1II3I21II1 1> would it be on the torus, 
the Euclidean space or other manifolds. To consider KdV from a probabilistic point of view, we 
mention |[3llT5l. 

In this paper we are interested in the continuity of the flow of this equation on the torus T with 
regard to metrics on functional probability spaces. However, we do not study here a problem of 
low-regularity of the initial data. Indeed, our initial datum is a measure // on the topological cr- 
algebra of the Sobolev space W for some non negative s, where KdV is known to be well-posed. 
We define the action of the flow of KdV on the measures as fi h^ fi' where //' is the pushforward 
measure of yu under the flow of KdV, ^{t), that is, the measure defined as 

on every measurable set A. This measure is well-defined as soon as T(f) is defined and continuous 
on H^ (in this case, ^(t) is //-measurable). 

We inquire about the continuity of the action of the flow with regard to the Wasserstein metrics 
(we refer to 11171 191 for further informations on these metrics). In other terms, we compare the 
distance between fi' and v' with the one between // and v. The Wasserstein distance is defined in 
our case as 



Ws,p(M,v)= inf { \ \\x-y\\''fj,dy(x,y) 

reMarg(/j,y) \J 



Up 



where Marg(//, y) is the set of measures on the topological o"-algebra of the Cartesian product 
//■* X //■* whose marginals are /j. and v . We assume that p is more than 1 and s non negative, with 
the usual extension for p = oo. This distance is used in transportation theory (see [1] for instance) 
to represent the optimal cost to move a repartition ju of goods to a repartition y when the price to 
transport one item from x in the support of // to y in the support of y is ||;c - yW'^s- 
To be more precise, what we will use as a distance on probability measures is 

11/^ - v||,,p = Wo,oo(p, v) + W,^p(ji, y) 

with s > and p < oo. Remark that this distance is defined only if \\x\\'^, is p. and y integrable and 
if ||.x||^2 is in L^ and L^. We call Mg^p the set of measures satisfying these properties. We choose 
these metrics because they correspond to weak convergence of the measures (like total variation 
distance) and convergence of the moments of orders q and r 

for allq < p and all r, which gives some more information on the law of //^ Where this continuity 
comes from may be more understandable if we consider random variables instead of measures. 
In terms of random variables, there is an analogy between the metric space Mg^p and, given a 
probabihstic space (Q, ^, P), the space L~(Q, L^{T)) n LPiQ, H'iT)). With two random variables 
X and y on Q. with values in H' almost surely, the continuity in L'"(Q, L^{T)) n LP{D., H-\T)) 
requires on the one hand to bound *P(?)x - ^it)y in L'"(n, L^(T)) in function of the norm of x-y. 
This bound comes from the conservation of the L^-norm by the flow of KdV. On the other hand, 
we need to bound ^{t)x - ^(Oj in LP{Q., H"). The L'' norm in probability is an obstacle. To get 
rid of this difficulty, we bound ^{t)x^ - ^{t)yaj with co the probability variable in //^ by 

Clix^,yaj,t)\\Xaj-yJ\H^ + C2iXaj,yaj,t)i\\Xaj\\H^ + \\yJ\H^)\\Xcj - yjli^ 



with Ci and C2 depending on time and the L? norms of x^^ and yco such that we can take its LP 
norm in probabihty without losing any integrabihty. The strategy with Wasserstein metrics is the 
same. 

Another reason why we choose Wasserstein metrics is that there exists an invariant measure 
under the flow of KdV in the intersection over s < 1/2 and p < 00 of the M^.p. The stability of 
invariant measures in M^ p, as we will define it, is a direct consequence of the continuity of the 
action of the flow on measures with regard to || . H^ p. It means that at finite times, the distance 
between v' and its initial value is controlled by the distance between v and the invariant measure. 

Invariant measures are studied for many reasons. One of them is that they sometimes produce 
supercritical global well-posedness (see for instance [6 1). Another one is that the invariance can be 
seen as an equilibrium of the system, weaker than thermodynamical equilibrium but stronger than 
statistical equilibrium (invariance of the mean values of the amplitudes of the Fourier coefficients 
of the solution, see ifTTl ). They are usually built in the following way. We consider an invariant 
for a Hamiltonian equation (mass, energy ...) of the form 

\\u\\% + Riu) 

where u is the solution of the equation and R{u) involves derivatives of u weaker than s. The 
invariant measure resembles 



- .-Il«ll'. 



where 

d/jiu) -e""""«»jM 

is a Gaussian measure with support in //*~i/2- jn dimension 1. 

We exploit here three invariants of KdV. Actually, we consider the measure built and proved 
to be invariant by Bourgain in the appendix of [3|. We present the proof of the invariance in a 
wish of completeness rather than to claim any novelty about it. However, we focus on proving the 
invariance on the whole topological cr-algebra of H^^^^ = r]H\ s < 1/2 instead of H^^^~'^. 

The first invariant is the mean value along x 

I u{x, t)dx 

Jt 

in order to assume that the solution has mean value along x and build the Gaussian measure as 
the one induced by the random variable 

V^ Sn inx 

where g„ are Gaussian variables. This measure corresponds to 

Under the assumption of mean value, the L^ norm of dxU corresponds to the H^ norm of u, and 
the support of this measure is included in H^^^~ . 
The second one is the Hamiltonian 



5"^'ie'4X 



u' 



Due to the absence of sign of j u^, it is unclear whether e' " is // integrable or not, which prevents 

us from using the measure e^ J " e ^ L-du, given that we are looking for a measure in M^p. 
Hence, we use a third invariant, which is the invariance of the mass to write 

This makes p an invariant measure belonging to M^^p up to a renormalization factor. The invariance 
of p comes from the preservation of the mentioned quantities and the invariance of Lebesgue 
measure under Hamiltonian flows. 
We prove the following result. 

Theorem 1.1. The action of the flow ofKdVis continuous on M^^p according to the estimate, valid 
for all times f € K. and all measures /i, v € Mg^p, 

11//' - Vh^p < C(l + ||^||z..,ff.(T) + ||^IL.,«.(T))/'"^""'^-^'<"'"""^" ^'<"'^' V - //lUp . 

Moreover, since the invariant measure p belongs to M^^, we get the following corollary. 

Corollary 1.2. The measure p is locally stable in time, in the sense that for all times ? e R and for 
all measures v e M, p, we have 



V - y 



,,p < c/'''^'^"""c.^^)"(i + ||x||^.,,Ollv -plL,p 



The paper is organized as follows. 

In Section 2, we present different metrics on probability measures and discuss their relevance 
to study the flows of non linear PDEs. 

In Section 3, we prove local well-posedness for KdV in H" with s >Q with a time of existence 
and uniqueness depending only on the L^ norm of the initial datum. We deduce from it global 
well-posedness and useful estimates. 

In Section 4, we prove the continuity of the action of the flow of KdV on the metric space of 
measures M^ p. 

In Section 5, we build and prove the invariance of the measure p under the flow of KdV. 

Acknowledgements The first author is supported by the FIRB 2012 "Dispersive dynamics, 
Fourier analysis and variational methods". 

The authors would like to thank Armen Shirikyan for helpful suggestions. 

2 Different metrics on probability measures 

In this section, we discuss different kinds of distances on probability measures which are com- 
monly used, in transportation theory, for instance, see |[I] and references therein for a survey, and 
their relevance regarding the study of the continuity of the flow of Hamiltonian non linear equa- 
tions. For further information on these distances, we also refer to [13j i9j|. We want to deduce 
the stability of invariant measures for these equations from this continuity. First, we introduce 
the total variation distance. The continuity of the flow for this distance is obtained with only few 
assumptions on the flow, but it only corresponds to weak convergence and we wanted to add the 
convergence of the moments of order p too. Then, we introduce dual Lipschitz and Kantorovitch 



distances. We will explain in which sense these distances are not fit to study the continuity of non 
linear PDEs. Finally, we present the Wasserstein distances. These distances are defined only on 
certain measures, but the invariant measure we consider in Section [5] is one of these. Besides, we 
prove in Section |4]that the flow of KdV is continuous with regard to these distances. 

2.1 Total variation, dual Lipschitz and Kantorovitch distances 

We assume here that X is a Polish space (completely metrizable, separable, topological space) of 
functions with metrics dx and that ^(?) is the flow of some equation such that *F(?) is Lipschitz 
continuous on X with some constant C{t), that is 

LipC¥it)) = sup -— C(0 . 

A:i,A:2eX UXKXl,X2) 

For any / : X — > R, we denote, if / is bounded, 

ll/IU-supl/WI, 

X€X 

if / is Lipschitz continuous, 

,. ,r, l/fa)-/(X2)| 

Lip(f) - sup —— ^ , 

and if / is both 

II/IIl - ll/IU + Lipif) . 

Let us define usual metrics on probability measures on the topological cr-algebra of X. 
In the following, we let /u, v be two measures on X. 

Definition 2.1 (Total variation distance). We call the total variation distance and we write ||yu-y||var, 
the distances 

llj" - Vllvar = T sup (/,//)-</, v) , 

^ ll/l|oo<l 

where ( , ) denotes J fdfi. 

We then call p' the measure on X defined as the pushforward measure of ju through the flow 
1'(0 that is 

//'(A) - fimty'A) 

for any measurable set A, which is defined as long as *P(0 is a measurable function from X to X. 
Then, it appears that it suffices for ^(t) to be measurable to get 

WlJ-' - vllvar < lly" - Vllvar 

since, if ||/||oo < 1 then ||/ o *I'(f)||oo < 1, and by definition, we have that 

{f,lu') = {fo^>it),p). 

Definition 2.2 (Dual Lipschitz distance). We call the dual Lipschitz distance and we write ||//- vH^, 
the distances 

Wp - v\\l = sup {f,p}-{f,v}. 

II/IIl<i 



We then get that 

\\^i' - V\\l < (1 + C{t))\\^i - v||* , 

since, if II/IIl < 1, then \\f o »P(OIU < ll/IU < 1 and LipiJ o ^>(t)) < Lip{J)LipQ¥{t)) < C{t), 
which implies that 

11/ o Y(0|| < 1 + C{t) . 

Hence, \^(^(/^ is Lipschitz continuous with constant less than 1 , and we can conclude. 

Definition 2.3. Let Mi be the space of measures fi on X such that for all xq, dxix, xq) is p inte- 
grable. We call the Kantorovitch distance and we write ||// - v\\k, the distances on Mi 

ll/i - v\\k ^ sup if , p)-{f , v) 

Lip{f)<l 

From previous remarks, we see that 

y - v'Wk < cit)\\p - v\\ . 

Then, it also happens that if p is an invariant measure through the flow '^{t) then as 

{f,p') - </,//) 
for all / bounded or for all / Lipschitz continuous if ju is in At i, we get that 

The problem with these distances and their diff'erent previously mentioned properties with re- 
gard to the flow of a non linear PDE such as KdV is that this flow has no reason to be Lipschitz 
continuous with a constant depending only on time and not on the size of the initial datum. How- 
ever, as it will be proved, one can build an invariant measure fi for the flow of KdV on H^^^~ such 
that ||x||^2 is in L"^ and ||x||//! is in L^ for all s < j and all p < oo. 

2.2 Wasserstein metrics 

The Wasserstein distance is defined only on certain measures. The space onto which the version 
of the Wasserstein metrics we use is defined is given in the next definition. 

Definition 2.4 (Spaces M^^p). For s > and p € [1, oo], let M^ p be the space of measures p on 
the topological cr-algebra of //*(T) where T is the torus of dimension 1 such that \\u\\i2 belongs to 
L^ and ||m||//' belongs to L^. 

Remark 2.1. Measures p on H" that satisfy large Gaussian deviation estimates (for instance 
Gibbs measures, and several invariant measures for various flows of Hamiltonian PDEs, see l[T6\ 
\T4\ I?] |S]/j are such that ||m||//i belong to L'^^for any p < oo. 

Let us now introduce the Wasserstein metrics. 

Definition 2.5 (Wasserstein metrics). For all p,v € M^^p, we call the s, /j-Wasserstein distance and 
we denote Ws^p, the distance 

W,,>, y) = (inf I r \\x - yf^4y{x,y) \ y e Marg(//, v)]\ 



where Marg(/i, y) is the set of measures on the topological cr-algebra on H^ x H^ whose marginals 
are ju and v. 

For /? = oo, we define 



W,oo- infill llx-ylb. Ik 



y e Marg(/i, v)) . 



Remark 2.2. T/je distance Ws^p corresponds to weak convergence of the measure plus the conver- 
gence of the moments of order q < p defined as 



/' 



\\x\\1jJ^i{x) . 

Besides, the Rubinstein-Kantorovitch theorem provides an equivalence for the distance Ws,i. 
Theorem 2.6 (Rubinstein-Kantorovitch). The distance W defined as 

W(/i,y)= inf \ dx{x,y)dy{x,y) 

yeMarg(ji,v) J 

is equivalent to the Kantorovitch distance. Besides, the infimum is reached if ^ and v are tight. 

For the proof and comments, see ||9l. 

From now on, the distance we adopt to compare measures is defined as 

\\^i - vh,p = Wo,oo(ju, v) + W,,p(//, y) . 

To make a last remark in this section and in view of what we said in the introduction about 
random variables, to prove the continuity of the flow on M^ p, for all i' > 0, it suffices to prove an 
inequality of the kind 

\mt)u - ^'(Ovllff. < Cy{t,U,v)\\u - v\\h-^ + C2{t,U,v){\\u\\H-. + \\v\\h^)\\u - v\\l2 , 

where Ci{t, u, v) depends on time and the L? norms of u and v. 

3 Deterministic properties of KdV 

In this section, we present a sketch of the general theory of well-posedness for the periodic KdV 
equation providing some bilinear estimates that will be important in the forthcoming. We do not 
pretend to be exhaustive here, so some technical lemmas will be admitted and some proofs just 
sketched, referring to [2], [12], [7 1 and references therein for details and further results. 
The Cauchy problem for the KdV equation on the torus reads as 

(dtu + dlu + rrdrU^ = 0, X eT 
t X 2 ^ ' (2) 

m(x, 0) - uo{x). 

The corresponding integral equation is thus the following one 

C 1 

u{t)^S{t)uo- S{t-t')-dx{u^){t')dt' (3) 

Jo 2 



where 5 (?) - e'*^'^ is the flow of the linearized around equation. We will formally denote by 
u = ^{t)uo the solution to Q with initial condition uq. Space-time Fourier transform allows us to 
explicitly write the linear propagator S (?) as 



keZ 



f. 



Sit)uo~Yj \ e'^''''^^'^6{T-k')uQ{k)dT, (4) 



6{x) being the 1 -dimensional Dirac mass. 

Notice that this formula shows that the linear solution of ^ has its space-time Fourier trans- 
form supported on the cubic t - k^ . In IS] the author showed that, after a localization in time, 
the Fourier transform of the nonlinear solution still concentrates near the same cubic. This feature 
suggests the introduction of the following functional spaces (called Bourgain spaces). 

Definition 3.1. We denote by X'*''\ Y\ Z* the spaces of functions m : T x R ^ R with mean value 
zero (i.e. L u{x, t)dx - 0) such that the corresponding norms 

\\u\y,=\\\knT-k'Mk,T)\\i2L2, (5) 

k'' ~ 

INIy» = IML 4 +lll^r"(^,T)||;2^i, (6) 



M\z^ - M^s.-{ + 



\k\'u{k, r) 



(r - k^) 



P /I 



(V) 



are finite (we are denoting with ||/||;2 - y \f{k)\^). 



keZ 

Remark 3.1. The conservation of the spatial mean allows us to assume that the initial data uq 
satisfies a mean-zero assumption. This fact will be important in the forthcoming, and moreover 
it makes the homogeneous and non homogeneous versions of the Bourgain spaces (i.e. with the 
weights \kY or {kY) equivalent. 

Remark 3.2. Here and in the following we shall just deal with the case s > Q, referring to III2\I 
and ^ for more general results in the negative case. 

3.1 Local theory 

We present here a local existence result for the periodic KdV equation that will rely on a contrac- 
tion argument on the Bourgain spaces. In order to make our estimates work, as already pointed 
out, we shall need to apply a smooth cut-off function in order to localize the solution in time. In 
the sequel ?/(?) will thus represent a smooth bump function supported in [-2,2], with ?7 = 1 in 
[-1, 1], and we will denote with r]T = r]{t/T) the corresponding rescaled function. 

In the following two propositions we collect the crucial estimates needed to make the contrac- 
tion argument work. 

Proposition 3.2 (Linear estimates). For every s > 0, there exist C\ and C2 such that for every O 
and every F supported in T X [-3, 3], the following estimates hold 

||77(05(0<^l|y-'<Ci||<^||ff. (8) 



riit) f S{t-t')F{t')dt' 
Jo 

with constants C\, C2 independent of(f> and F. 

8 



< C2||f lb (9) 



Proposition 3.3 (Bilinear estimates). For every s >Q, there exist C3 and C4 such that the following 
estimates hold 

\\r]{t)dAuv)\\z.^ < Cs (MWAMyo + ll"llyo||v||y,0 , (10) 

||77r(05.(Mv)|b < C4T"^H\\u\\yA\v\\yo + l|M|lro||v||y.O ■ (11) 

with constants C3, C4 independent of T, u and v. 

Proof. Linear estimates. We begin by writing, by definition, 

r^{t)Sm = r^{t)Y,Kk)e''^'^'''^ 
k 

and by writing 77 in terms of its Fourier transform and doing a change of variable we get 

e''^f]{T - lc')dT. 

K 

Thus we have 

X+00 
CO 



< c||<^||^.. 



(/-■+00 ' 

\r]{T-k^)\dT 
J-00 , 



and 



where T is the Fourier transform and this concludes the proof of dS). 
Turning to Q, we write 

77(0 \ S(t- t')F{t')dt' =h+h (12) 

Jo 

with 



h=T]{t)S{t) \ a{t')S(,-t')F{t')dt' 



and 

h = rjit) \ a{t - t')S{t - t')F{t')dt' 

where we have set a{t) = sgn(t)f7(t) with fj being a smooth cut-off supported in [-10, 10] and equal 
to 1 in [-5, 5]. With this choice we have indeed, for all t € [-2, 2] and t' € [-3, 3], 

XloAt') = 2 Wf') - ait - ?')) 

so that (IT2I) holds (we assumed that F was supported in T x [-3, 3]). 

We now estimate the righthandside of (fT2]) term by term. Due to ([U), to estimate the contribu- 
tion given by h , it is enough to show that 



I 



a{t')Si-t')F{t')dt' 
9 



< \\FU'. (13) 



Using Fourier transfomi and recalling © we have 



f a{t')S{-t')F{t')dt' 



H' 



\k\ 

\k\' 



'Ty \ a{t')S{-t')F{t')dt'\ 
I a 



(k) 



2{T-e)F{k,T)dT 



Since \a{T)\ = 0{{t) '), the proof of (IT?] ) is concluded. Let us now turn to h- Neglecting the 
cutoff ?7(0 and space-time Fourier transforming yields 

rifait- t')S(t - t')F{t')dA (k, r) ~ a{T - k^)F{k, r). 

The claimed estimate then follows from ©, (jT]) and the decay estimate for a used above. 



n 



Proof of Bilinear estimates. We adapt the proof of Lemmas (7.41) and (7.42) in [2] modifying 
it in order to obtain the estimates we need. In this part we shall neglect the cutoff in order to 
simplify the presentation, the local case being obtained by standard regularization arguments. 
Writing w - dxiuv) we thus need to estimate 



WwWz" 



zr r: m^^^^j iz^^Hi: m^r 



First of all, notice that 

w(k, r) = ik uv(k, r) = ik{ii * v){k, r) 
where * denotes the standard convolution product, so that 



2M 



(14) 



\w{k 
We define for every s >0 



,T)\ < \k\ Y, f dTi{\u{kuT,)\ \u{k -ky,T- Ty)\). 



C,(k,T) = \k\\l + \T-kY%ik,T)\, 
d,{k,T) = \k\\l + \T-kY'^\v{k,T)\ 



(15) 
(16) 

(17) 



We now recall the following result from |]2] that will be of crucial importance in the sequel. 
Proposition 3.4. Let f be a function defined on the torus T^. The following estimates hold 



II/IIl4(t2) < 



Y^{\ + \n-mYIY{m,nf 



xl/2 



Y^{l + \n-mY^^Y{m,nf 
\.m,neZ 



n1/2 



IIl-+/3(t2)- 



(18) 



(19) 



Proof of Lemma\3JlSee IS. 



10 



Remark 3.3. We shall in fact use this result in the following versions, which are implied by (1181 ) 
and (1191 ) since rj has compact support included in ] - n, n[. We do not make any assumption on the 
temporal support off. 



II'7(0/IIl4(RxT) ^ 



^ keZ 



,1/2 



3h2/3|, 



{l+\T-e\r''\?]f{T,k)\ 



and 



y^^ keZ 



Nl/2 



^3h-2/3 



(l+|^_P|)--/^|;,/(r,^)|-J^ 



$ II'7(0/IIl'*/3(t2)- 



The rest of the proof is essentially contained in the ones of the following two lemmas. 
Lemma 3.5. For every u and v in F' and with w - dx{uv) we have 






< ll"llFH|v||yO + ||M||yo||v||y. 



(20) 



Lemma 3.6. For every u and v in F' and with w - dx{uv) we have 






2^ 



<|M|y.||v||yO+|M|yo||v||y.. 



(21) 



Notice that these two results, together with (IT4l ). yield (ITOl) and thus conclude the proof. 
Proof. Lemma l33\ From (IT5] ). (IT6l ) and (ITT] ) we have 

\knm,T)\ 



4^ J (1+|T 



(l + |T-/t3|)l/2 
|^|-^ + l|fcl|--1^ - kirc,,{ki,TOd,{k -kuT- Ti) 



(1 + 1^ _ ^3|)l/2(l + 1^^ _ ^3|)l/2(l + 1^ _ ^j _ (^ _ /,^)3)| 



1/2 



Notice that since 



\k\' < CM' + 1^10 ya + b^k, 
picking a = ki and b = k - k\ we can estimate (l22l ) with 

(|fci|-.v + 1^ _ kir)c,Aki,TOd,,{k -kuT-n) 



■ ^ J ''^''^' (1 + It - ^3|)l/2(l + l^j _ ^3|)l/2(i + 1^ _ ^^ _ (^ _ ^j)3)|l/2 

yi r, co(^i,Ti)<j.;(^ - ^i,T - Ti) + Cs{ki,Ti)do{k -ki,T- ti) 

IjJ ^1' '(1 + |^_ ^31)1/2(1+ I 



1 -Kj 



P|)l/2(i + |^_^^_(^_^^)3)|l 



(22) 



(23) 



(24) 



(25) 



By assumption on u, we have that Cv(0, t) = ^,(0, r) = 0, so that we may assume k, ki and 
k - k\ 7^: in (|22]) . In this situation we have 

3 

-I 
2 



\{T - k^) - [(Ti - k\) + {T-Ti-{k- ki)^)]\ = \3ki{k - h)k\ > ^k\ (26) 



11 



We now estimate the sum (1251 ) dividing the indexes into three sets as follows: 



2 



B = {k,kii=0: |ti - kj\ > -r 



C^{k,ki i^O:\T-Ti-{k-ki)^\> -k^}. 
Due to ( |26l ) we can thus estimate, since we are summing positive terms, 



k,kii=Q k,kisA k,kisB k,kieC 

and analyze the three sums one by one. We limit ourselves to consider the terms with cqcIs, the 
other one been analogous by symmetry. 
Set A. In this case we have that since 






dT 



co(ki,Ti)ds{k - ki,T - Ti) 



,^^0 - (1 + 1^1 - ^il)'^'(i + It - n - (/c - ^,)3)|i 

where we have set 

F{x,t) = Y^ fdn\e'^"''^'"^ 

and 



/2 



- F ■ G{k, r) 



co(m,fi) 



(l + lfi- m^^|)i/2 



(27) 



(28) 



^J ^l (1 + 1/^-/ 



(29) 



r2 ^ V 



(notice that WFW^i = \\u\\^,^ and HGH^: 
is at most 

"" ' \F-G{k,T)\dT 



keA ^ 



\U2 



), this first contribution to the left member of (|20] | 



< ||F • G\\^2 < ||F||^4 IIGII^. 



4 . 



(30) 



Since 2/3 < 1 estimate (1181 ) implies that 



l|f|lL4||G||i4 < 



[?J 



y/2/ y/2 

co(m,yu)^4< 2j I dsim,iufdfi 



(31) 



< ll"llF0||v||y. . 



Set B. Analogously to the previous case, the contribution to the left member of (l20l ) is thus 
given by 

v2^1/2 

(32) 

J \ 1 I -t- IT — fc'-'l 1^/^ II 

where F is given by (l28l) and 



|gj''H (..|.'.3|).. ^'^'-')' 



//(;c,0 = 2] f df^[e'^'"''^^"U,{m,|I)]. 

111 "-^ 



(33) 



12 



Same considerations as in the previous case and the appUcation of Proposition 13.41 allow us to 
estimate (l32l ) with ||F • H\\.4/3. Holder inequality and Proposition [33] eventually yields 

\\F ■ H\y3 < \\F\y\\Hh2 ^ llMllyollvlly.. (34) 

SetC. Similar to set B. 

This concludes the proof of Lemma 



Proof. Lemma \T6\ We consider now the term 



1 + |t - P\ 
which we can bound by 

l-V+ll?,, I-.V 






that can be estimated using (1231 ) with 



^ y r , coiki,Ti)ds{k -ki,T-Ti) + c,ikuTi)do{k -ki,T- 
'VJ ^' (1 + |t-/:3|)(1 + |t, -/c?|)i/2(l + It- T, -(/:-/:,) 



(36) 



We separate again the indexes into the three sets A, B, and C as before, and limit ourselves by 
symmetry to the terms with c^ds. 

Set A. In this case, we use a duality argument. In the set A, we can bound , ^_,^. by ,2 f_p|i - 
Consider a sequence |a„) such that 

a„ > 0, 2j^«^1' 

n 

then by duality and (IT7])-(l29l) we can estimates the left member of (1211 by considering the scalar 
product in L^, /^ 

Setting now 

P{x,t)=Y [ dre'in^-r, _^M_ 

n ' ' 

whose L^ norm is given by 

allows us to rewrite (|37] ) 

{P,F-G) < \\P\\i2\\F ■ G\\i2 < INIyollvlly.. (38) 

Set B. We thus consider the quantity 

y r CQ{ki,Ti)ds{k - ki,T - Ti) 

i^B J ^' (1 + 1^ - ^'1X1 + |r - Ti - (^ - ^i)3)|l/2 ■ 
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Fix now 1/3 < p < 1/2 and write (1 + |t - k^\)-'^ =(1 + \t- k^iy'-^-'P^l + \t- k^iyP. We thus can 
rewrite the left hand side of (1211 as 



si/ 



dT 



1 



{i + \T-k^\y~p 



?/ 



(ir 



CQ(/:i,TiKv(fc-fci,T-Tl) 

(l + |r-/:3|)P(l + |r-Ti-(fc-^i)3)| 



^2^ 1/2 



We use Cauchy-Schwartz inequahty for the r-integral to estimate (l39l ) by 



1/2 



(39) 






Tl) 



x2^1/2 



(40) 



where we have used the fact that j{l + \t - k^\ ^^ ^P^)dT is finite since p < Ijl. 
We now rewrite (|40] | as 



Ig/^HorFW^^^ 



2^1/2 



with F and H given by d^Sl ) and d?^ . To conclude we proceed as for the set B in the proof of 
Lemma [3751 the only difference we have to care of is the power p instead of 1/2 for 1 + |t - A:''| but 
every p > 1/3 works. 

Set C. Similar to set B. 

This concludes the proof of (ITOl ). 

We finally turn to the proof of dTTT i. We start by noticing that, given the definition of F and G, 
that we can find in (I28l)-(l29l). and thanks to estimate (ITSl) . we have 



".4?/*^ 



^^Y 



xl/2 



(41) 



and an analogous one for ||G||^4 (notice that now we are replacing u in definition (|T6l ) with rjju). 
Rewriting the righthandside of (|4TI) as 



2] (dis({\ + Ifi - mY'^\mnfwi{m,fi)\)f'\\mnff^{m,^)\)) 



and applying Holder inequality with exponents 3/2 and 3 yields 



2/3 



1/2 



my 



< K] J J// c,(m,/i)2 |||5,r(77rM)ll[f 



(42) 



where l^^l* denotes the Fourier multiplier u{k) i-^ \k\''u{k). Since by Holder inequality we can 
estimate |||5t|*(77rM)||^2 < ||?77-|Il4|||5vPm|Il'' ^^d we can assume without loss of generality that 
||77r||/y) ~ T^^P, we can continue estimating (|42]) by 



l|2/3 Tl/12|m.v 



x'-i 



\\d>\y. 



We can now apply Proposition 13 .41 to conclude that 



II^IIl4 < T 






U 



^\\2l^\u\2s\f. 



{i + \T-k'\y"\kr\u{k,T)rdT\ 



1/6 



(43) 



^ T"'^\\u\.,^^ 
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Notice now that in the proof of (flOl ). we bounded the non linearity w by a product of either 
||F||^4, ||G||^4, hence we can get an estimate on w smaller than r'^^^ 

n 

We have now all the tools we need in order to prove LWP for problem (|2]). 

Proposition 3.7. For any s > the initial value problem ^ is locally well-posed in 

C{{—T, T],H'^) n Y", meaning that for any initial data uq € H^ there exists T - r(||M()||^2) > such 

that there exists a unique solution 

M€C([-r,r],//'(T))ny' 

with 

l|lre[-r,r]"ll}" ^ CIImoII//'- 
Remark 3.4. The L°°([-T, T], H'iT)) norm is controlled by the Y' norm. 
Proof. Fix uq e H'\ s > 0, and consider the map 

T{u){t,x) - 7]T{t)S{t)uo - mit) f S{t - t')LT{t')jdAu^){t')\dt'. (44) 

(notice that choosing T < 1 yields rjrit) < r]{t) and so estimates ^ and Q apply). 

First of all, notice that if m is a fixed point of F with compact support in [-2T,2T], then 
its restriction to [-T, T] is a (local) solution of KdV. We thus want to show that the map F is a 
contraction on the space 

K = {uernY^: \\u\\yo < CiUmqIIl^ and ||M||y. < Ci||moII//^) (45) 

with constant Ci big enough. The topology we use for the contraction argument is Y^. 

First, we can see that the ball of radius R' in Y" is closed in y" as we can describe the two 
norms involved in Y" in the following way. We have 



\Y, J dTgik,TMk,T)\\\\kr{T - kY''^gik,T)\\t2,^,^ < ll 



\\u\\x.^.i/2 ^ sup ■ 
and 

|||^rM(fc,T)||,2_^. -SUpjj] JjTg(^,T)M(fc,T)||||/cr-^^g(fc,T)||;2_i. < ll . 

Perform the usual argument to get that the balls of Y^ are closed in F". Therefore K is closed in 
By Propositions I3.2l and l3.3l we have for all 5 > 

\\r{u)\\Ys < CWuoWh^ + CTtiMyAMIyo 
hence using it with 5' = we have 

\\r{u)\\Y0<C\\U0\\L2+CTT2CJ\\U0\\l2 

and with general s >0 

||F(m)||f.> < C\\uo\\h'+CTt-2C^^\\uo\\^2\\uo\\h-< 
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so that for times of order ||mo|| 2^> T maps K to K. We now prove that F is a contraction on K, 
meaning that there exists e (0, 1) such that 

Wiu) - Y{v)\\y, < e\\u - V||j,0 

for all u,v € K. Since u^ - v^ = (u + v){u - v), the application of Propositions 13.21 and [33] yields 
again, for every s >0, 

\\r(u) - T{v)\\yO < CTTI [||„ - v||yo(||M||j^ + IMIyo)]. 

Choosing T < C||moII7J^ with C small enough, since in K, (||M||yo + ||v||yo) < 2Ci||moIIz,2, yields 

lir(M) - r(v)||y. < e\\u - v\y . 

To prove the uniqueness, we proceed as follows. Let m be a solution of KdV on the time 
interval {-T, T]. Then we can use the map f „ from F* to itself defined as 

Tu{u){t, x) - u{t, x) 

if te[-T, T] and 

r^{u){T + t,x) = T]TiT + t)S{T + t)uo-r]T \ S{T + t - t'){r]T{t')-d,{uf)dt' 



X 

rT^' 1 

-miT + t)] S{T + t-t')-dAu^)dt 



and the analogous with -T to extend u into u a fixed point of F. The uniqueness of the the fixed 
point of F thus yields the uniqueness of the solution. 

Besides, we have that if u' is the fixed point of F and u the solution, 

l|l;e[-r,r]"lly> < \\u\\y^ ^ WuqWh' ■ 

n 

Remark 3.5. Notice that since the lifespan T of the solution only depends on the L^ norm of the 
initial datum and since the L norm is conserved under the KdV flow, such a solution is global. 

3.2 Approximation of KdV and local uniform convergence 

To conclude this section we prove a result of uniform convergence of the solutions of a projected 
KdV problem to the solution of Q, which will be useful in the proof of the invariance of the 
measure built in Section 4. 

Let us denote by E^, N > I, the vector spaces given by 

En = Span {c„, 5„|1 <n <N] 

where 

cos(?i;c) sin(«x) 
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n > 1, is the usual orthonormal basis of L^ functions with mean value, and let II/v be the 
orthogonal projector on Ej^. Let us moreover consider the projected KdV 

idtu + dlu + n^v (jdx {^Nuf) - 0, xeT,N>l 

I m(x, 0) - Uq{x) 

and denote with YjvCOmq the corresponding solution. Note that the equation can be divided into an 
ODE on Eij : 

dtu + dlu + IVn -dxU^ I - 



with initial datum ITatm, whose non linearity is Lipschitz and with a L^ invariance, hence it is 
globally well-posed; and a linear equation on the orthogonal of Ei^ : 

dfU + d\u - 

with initial datum (1 - YiN)u, also globally well-posed. The same methods as in the local well- 
posedness of KdV gives the same bounds on ^(O^o and ^j^{t)uQ. Hence, we have 



WN(t)Uo\\Y^ < CIImoII//' 



where we cut off the times outside [-T, T], where T is of order ||moII,2^ (notice that the constants 



do not depend on N). 

Then we can prove the following proposition, that we will refer in the sequel local uniform 
convergence. 

Proposition 3.8. Let R' > Q, cr > s >Q. There exists a time T > such that for every R,£ > 0, 
there exists N^ such that for every N > N^, every t e [-T, T] and every uq such that ||moII//°" ^ R> 
and ||mo||l2 < R', 

WN{t)uo - ^(0"oll//' < e. 

Proof. We use the notation M^f - ^wCO^o- We thus can write 

1 r* 

UN = S{t)uo-- S{t-t')UNd,mNUN{t')f)dt' . 
^ Jo 

We rely on the facts that the H" norm of \\u{t) - ma^COII//' for t e [-T, T] is bounded by the Y" norm 
of T]T(t){u - un) and that the F* norms of u and u^ are bounded by the H^ norm of uq if we cut off 
the times outside [-T, T]. 

From this, we get the bound 

WN{t)uo - ^(0«olly' < ^ fs{t-t') (UnO^c (UnUn? - d^) {t')dt' ^ . 
We will estimate this term dividing it into the sum 

^[ s{t-t')({\- n^)5, {limNf) (t')dt' + fs(t-t') [d, {(UNUNf - u^)) {t')dt' 

^i + ii. 

We need the following property that holds for every A'^ > 1 and every cr > s: 

||(l-n^)F||y. <iV'*-'^||F||y.. (47) 
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This can be proved using the same argument as in the Sobolev spaces, for every cr > s, 

\k\>N \k\>N k 

Since 11^ commutes with S (t) we thus have 

1 



i S(t-t')d,rOJNUNf{t')dt' 

We now exploit our linear and bilinear estimates in the form 



2 



Jo 



2\r^'\^^' 



IjTit) S{t-t')dM)(t')dt 



.1/12 



< cr'''\\u\\Yo\\u\\Y. 



yir 



to have 



A^^ 



\ S{t-t')dA^NUNfi.t')dt' 



<T'i'^N'-''mmN\\Y'rmmN\\Y^ 



and then we apply that Hn^vMA'lly' is less than Uma?!!}" which is bounded by the H^ norm of uq. 
Therefore, 

Analogously, for // we have 

// < T^I^^WYimN - MllF'din^MivllyO + llMllyo) + T^'^^WYVmN - M||yo(||n;vMivlly' + II"IIfO- 

Writing now 

WHnun - wily < W^nun - Mivlly + \\un - m||f' 

and applying (|47] ) yields (since s < cr) 

II < T^'^^R{N'-"'R' + \\UN - u\\y^ + R'WUnUn - wllyo) . 
Taking s = 0, R = R' and T of order R~^^ small enough, we get 

||m - MivllyO < -||m - MA^IIyO + CRN'"^ 

hence the local uniform convergence holds in Y^. Knowing that we input this information into the 
estimate in Y\ that is, for T of order /?~^^, we have 

||m - MA,||y> < -||m - MA^IIy. + CRR'N'"' + CR'\\u - UnWyO 

and then we get the local uniform convergence in F'. n 

Remark 3.6. Note that the time of local uniform convergence depends only on the L^ norm of the 
initial datum, whereas the rate of convergence depends on both the L^ and H^ norm of the initial 
datum. 
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4 Continuity of the flow 

4.1 Global estimates 

We prove here some global bounds on KdV iterating the estimates provided by the local well- 
posedness proposition. 

Lemma 4.1. There exists C such that for all times ? e R, all uq and vq in H", we have the estimates 
\mt)uQ - ^(Ovoll//.' < C(||mo - vollff- + {WuoWh^ + llvolbOllMo - vo||L2)e*'^""°"^^^"''°"^^^" , 

II^COmo - ^(Ovollff' < CIImo - volli2e''l'l(""°"^^+"^'°"^^)" . 

Proof. Let T = -^, — ;. — \, „ ,„ the time of local existence and uniqueness of the solutions. We 
have that, thanks to local well posedness in F' 

\mT)uo\\H^ < CWuoWh^ . 
Let Tn = nT. Since the L^ norm is invariant under the flow of KdV, we get by induction 

\mTn)Uo\\H' < CI"I||moII//' . 

Then, we use that, thanks to the bilinear estimates, for local times, 

\mT)Uo - ^(r)VollL2 < C\\Uo - Vo\\l2 

and 

\mT)uo - nT)vo\\H^ < CT'"\\\uo\\h. + llvoll//.OII«o - vqIIl^ + C||mo - voll//' . 

Thanks to the conservation of the L^ norm, we get by induction 

\mTn)Uo - ^(r„)Volli2 < C^IImo - VoIIl2 . 

Then, we rewrite, substituting mq by T(r„)Mo, 

\mTn^i)uo - T(r„+i)voii//.> < CT"'\\mT„)uo\\H-^ + ll'i'(r„)voll//OII'i'(r„)Mo - ^(r„)voiii2 

+C\mTn)U0 - nTnWlH^ . 

We plug into this inequality the estimates on ||*I'(r„)Moll//' and ||4'(r„)Mo - T(r„)v()||/^2 to get 
With D big enough, we get by induction 

\mTn)Uo - 'FCrjVoll//.- < DI"I ((IImoII//' + llvollffOllMO - VoIIl2 + IImo - VollffO . 

As n is equal to Cr„(||MollL2+||vollL2)'^, we get the result at the discrete times r„, the local properties 
extend it to all times. □ 



19 



4.2 Continuity with regard to the Wasserstein metrics 

We now state the main result of this paper, proving local Lipschitz continuity of the KdV flow 
with respect to the Wasserstein metrics. 



Theorem 4.2. If^it) is the KdV flow on jJ and ifji and v belong to M^^p then ju' and v' belong to 
Mg^p and 

y - v%,p < C(l + /?2)e^""'' 11// - vh^p (48) 

where Ri = (||M||i~ ^2 + ||v||i~_i2)i2 and R2 = I|m|Ilp,//. + IIv|Ilp,//.. 

Proof. We assume that yu e Ms,p. We recall that //'(A) = yu(*F(O^^A) for all measurable set A. We 
get that 

thus, thanks to the conservation of the L^ norm, and with the assumptions on /j., u belongs to 
We also have thanks to a change of variable that 



/i" 



«IIl;„//.'-(J|'^^''"""'' 



\mt)uo\\'H4ii{u) 

The global bounds give an estimate of ||^(0«oIIh' 



which yields 



||W)M0lb'<e*"'"''"^'ll"0ll//' 



ckiii"oii;i ,2 



hence iJ belongs to Ms^p. 

Let y e Marg(jU, v) a measure on H" x H" with marginals /i and v. We call y' the measure 
defined on the generating measurable sets of W x W as 

y\X X y) = yi'Vity^X X "^{ty^Y) . 

We remark that 

y\X X W) - yi'^ity^X x W) 

even if ^{ty^W may be larger than H\ y is supported in H" x H\ and since its marginals are n 
and y, 

y(xx//o-y«mo"'^) = //U)- 

The symmetrical argument yields y* e Marg(ju', v'). Therefore, we get that, by definition of the 
Wasserstein metrics, for every y in Marg(jU, v). 



y' 



Wo,oo(ju',vO<||||M-v|b||^ 

We perform the change of variable u - ^(0^0 to get 

wo,oo(JU^/) < II ii^(o«o - ^(OvoIIl2|L 
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We use the global bound 

\mt)Uo - ^(OvoIIl^ < e''l«""»"^2+"^'''"^2)'lMo - Vo\\l2 

and remark that y almost surely (||moIIl2 + IIvoIIlO^^ is less than /?i, hence 

and taking the infimum over y e MaigQi, v) gives 

Wo,o.(m', y') < e'^'^"' Wo,oo(p, V) < e'^l'l^' 11// - v||,,p. 
With the same remarks on y' and performing the same change on variable, we get 

W,,pOu',yy < f\mt)uo - 'i'{t)vo\\l,dy{uo,vo) . 
We use the global bound, y-almost surely 

\mt)uo - ^(Ovoll//^ < C/''l^' (IImo - voIIl2(II"oII//^ + l|voll//0 + ll"o - V0II//O 
to get as IImqIIl'' //' - II^oIIl'' H' since y has for marginals fi and y. 

Taking the infimum over y e Marg(//, y) yields 

W,,p(ju',v') < C^'^l'l^' (Wo,co(yU,y)/?2 + W,,pOu,y)) 
which concludes the proof. n 

5 Construction of an invariant measure for KdV 

5.1 Construction of measures, and notations 

We recall the construction of an invariant measure for KdV introduced by Bourgain in ||3] 
Let us first build an invariant measure fj. through the linear flow of KdV. 
Let (O, ^, P) be a probability space such that there exist two sequences (/z„)„>i and (ln)n>i of 

independent real centered and normalized Gaussian variables. For all integers < A'^ < M, we 

write ^^ the random variable 

hn{co)Cn{x) + lnSn{x) 



<P^ioj,x)= Y, 
where the set 



n 



cos{nx) sin(?ix) 

{c„{x) = —- , s„{x) 



«> 1) 



is the usual orthonormal basis of the functions of L? with mean value. 

Lemma 5.1. For all s < I, the sequence {(P^)m>n converges in L^{Q., //*) when M — > 00. 
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Proof. The sequence is Cauchy. Indeed, for M\ < M2, we have 
where E is the expectation with regard to P. Thus, 

\hn\' + \ln 



and since £(|/i„r) = ^(l^nl ) = 1, 



\\4>n' -^Jv'llL2(n,ffo 



|2^ _ 



«=Mi+l 



« 



2(l-,v) 






Un^ -'^Jv'llL2(aff') 



f M2 



« 



2(1 -.V) 



1/2 



Since i^ < 1/2, the series of general term 



,2(l-i) 



converges and hence the sequence is Cauchy. As 



L (O, //*) is complete, the sequence {4'n^m converges towards a limit (p^- 



n 



Let now Ei^ be the vector space spanned by the set 

{Cn, Sn\\<n<N] , 

Ejj its orthogonal complement in L^, and n^r the orthogonal projection on Ej^. 

We build measures on the cr-algebra associated to H^^^' - n.s<i/2 ^^- The topology of H^^^~ 
is generated by the union of the topologies of //^ traced on H^^^^. In other words, an open set of 
//^^^" is a reunion of open sets of //'* intersected with H^^^^ . 

We call ^'^ the measure on the topological cr-algebra of //'''^~ traced on E-^ induced by cf)'^ 
that is 

ti'^{A) = P((<)-i(A)) , 

and nt^ the one induced by (pN- By convention, we write n'^ = n^ and // = jjLq. As the support of 
j/' is included in Ej^, we have that for all A'^ 

Remark 5.1. Notice that this is an abuse of notation since /u^ is a measure defined on the whole 
space L}, but as its support is included in Ej^, we denote by fi^ both the measure on L^ and its 
restriction to E^. 

We now define an invariant measure p for the KdV equation and invariant measures pn under 
the approximation in finite dimension of KdV given in the last section. 
We introduce the following map on H^^^~ : 

fiu)=xiM\L2)e^''' 
where xi^) = 1 if jc < 1 and xix) = otherwise, and f^ the map given by 

In order to build the invariant measure by the flow of KdV, we need to prove that / is in Lj^. The 
fact that fN is also in l!, and that the sequence ifN)N converges towards / in Lj, is an element of 
the proof of the invariance of the measure. We sum up these properties in Proposition 15. 3l because 
the proofs require the same techniques. 
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Proposition 5.2. The support of p. is included in L°°(T). Besides there exist C, c > such that for 
allR 



p{\\u\\L- >R)< Ce 



-cR^ 



and for all N and all R 



//^(||m||l~ >R)< Ce 



-cR^ 



Proof Let s < 1/2 and p > - such that the Sobolev embedding W^'P c L°° holds. Let us prove 
that the support of // is included in W^''\ To do that, we bound the L^ norm of IImIIh".? for any 
q> P- After a change of variable, we get that 

and by Minkowski inequality, since q> p 

MlIW^-" ^ II Zj —s 

n>\ 

Since for all x e T, 



llL''(T,L'i'(n)) 



n>\ 



.Is 



is a centered Gaussian variable in R., we have that 

yi hnCnix) + InSnix) , 
n>l 



,l-.v 



-lb(n)<CV^||2 



'^nCny^) "■" m^ny^). 



,l-.v 



llL2(n) 



H>1 



as for all centered Gaussian variable and all g > 1 , we have, by induction over ^ e N and interpo- 
lation, E{\Z\i)^''} < C A/qE{Z^)^'^. We refer to (H for the proof. 

Hence, as the /j„ and the /„ are all independent from each other, we get that 



iZ 

n>l 



nfiCfiyX) + ifiSfiKX) 



A—s 



W'iCl) 



<C^ 



Vn>l 



ICnixt + Mxf 



2(l-s) 



n 



1/2 



Using once more the fact that i' < 1/2 so that the series Yj" converges and that |c„(x)| + 

k«(x)p = ;r^\ we get that the L'^{Q.) norm of 



n>l 



nnCnyX) + tfiSfiyX) 



,l-s 



is bounded by a a constant independent from x. Then, taking the L''(T) norm, we have that the 
L^, W^'P norm of u is finite. Therefore, u is //-almost surely in W^-p and hence //-almost surely in 
L°°. Replacing (po by (p^ and following the same proof ensures that there exists a constant C such 
that for all q > p and all N 

\\u\\^i ^oo < ||m||^9 ^.,,p <C^[q . 

Then, for all q> p,sNe. can bound the probabilities 

MINIl" >/?)and//iv(IMlL~>/?)- 
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Indeed, by Markov's inequality, 

h{\\u\\l- >r) = ^im\l^ > R") < R-'E^m\l^) , 

hence 

KM\l- >R)< R'^C^iI^ 

and we have the same inequahty with //a?. \f R > Ce ^Jp, then ( ^ j > p, thus we can choose 

'i ~ VUe) ^'^ ^^^ previous inequahty, yielding 

A^CIImIIl" >R)< e"" = e"'"' 
with c = ■^.\iR<Ce^Jp, then 

therefore for all R, 

I^{\\u\\l« >R)< Coe-^'^' . 

n 

Remark 5.2. By replacing the L°° and W*''' norms in the proof by the H" norms, we have that for 
all s < 1/2, there exist C^, c^ > such that for all R, 

li{\\u\\w >R)< C.e^'-^"' . 
Proposition 5.3. The maps f and f^ are in O and the sequence {fN)N converges toward f in O 
Proof. As we have the inequality 

J"'<INI^2IMIl~ 
we get that, since ||m||^2 < 1 in the support of/, 

|/(M)| < e"""^" . 
Besides, since ||nA?M||^2 < 11^11^2 in the support of f^, 

|/w(m)I < e"""""^" . 
We also have, since p - i/' ® pf^ 

fglin^^lL-^^^^) = ^ e^\"\\^-dp^{u) . 

Hence, the problem is reduced to prove that gH"!!'^" is p and p^ integrable, which comes from the 
fact that 

P{\\u\\l^ >R)< Coe^'"' mdpf,Q\u\\L<^ > R) < Coe''''' . 

Besides, as Co and c are independent from N, the Ll, norm of f^ is bounded uniformly in A^^. 

Let us now prove the convergence of the sequence. We compare f{u) and f^iu). For every u, 
we have 

\f{u) - fN{u)\ < I Jcm^ - {nmf)\f{u)f^{u) 
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using the inequality |e'^ - e^'\ < \x - y\e^^^e^^'^ and that;^' = x^- Since \u^ - (Unu)^] is bounded by 
C\u - IInu\{u^ + (Unu)^), we get, by applying a Holder inequality 



/ 



U^ - (UNufl < C||(l - Un)u\\l2 iWuiy + linyvMllLOdli^IlL" + l|n;v"llL~) 



We then use that on the support of / and ff^, the L^ norms of u and n^^M are bounded by 1 and that 
u belongs to //* on the support of /u as long as 5 < 1 /2 to get 

\f{u) - Mu)\ < CN-'WuWh^ {\\u\\l- + ||n^M||L")/(")/;v(") • 
Finally, using Remark |5!2l 

K\M\h' >R)< C.ve-^'«' , luiWuh^ >R)< Ce-'"' , 
we get that 

IIm||//>(II"IIl» + lin^vMllL")^"""^"'-"""""^" 

is yU-integrable with a Lj^ norm independent from N. Therefore, 

\\f - fNhl, < CN-\ 
which concludes the proof. n 

We write then a; = ||/|| ,^ and we denote by p^ and p the measures defined as 

dpM{u) = Kfy{u)d^{u) , dp{u) = Kf(u)diu(u) . 

The measure pi\i is built to be invariant under the flow of the approximation of KdV, which will 
lead, thanks to convergence properties to the invariance of p under the flow of KdV. 

5.2 Invariance by the linear flow 

In this subsection, we prove the invariance oi/UN under the linear flow S (?) of the equation dt+dl = 
0. 

Proposition 5.4. If U is an open set ofH^^^~, then, for all N, 

^iN{U)<\lmmf^i'^{U) (49) 

We deduce from this proposition the following corollary. 
Corollary 5.5. For every closed set F ofH^^^^ and every N 

I^NiF) > Urn sup iJ.^{F) . 

M^oo 

Proof Proposition 15.41 We can reduce the problem by proving it on the intersections of open sets 
of //■* with H^^-^~ for every 5' < 1/2. Indeed, if U is an open set of H^^'^~ it can be described as the 
union 

s<l/2 
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with Us the intersection of an open set in H^ and H^^^ . We thus can write U as the limit of an 
increasing sequence of sets 



io<l/2 s<so 



and hence 



■'0 s<so "" s<so 



Then, if the proposition is true for every intersection of an open set of //*" with H^^^ , for any 
^0 < 1/2, as Ui<.so ^s i^ ^^^ ^^ these sets, we get 

m(U)< sup limmffi^([\Us). 

.o<i/2 'W-" \^„ 

We exploit the property that for any map / into a totally ordered set 



sup lim inf /{sq, M) < lim inf sup /(^o, M) 
to conclude. We have that 



w .0 



Hn{U) <\mimf sup //j^f ( I I ^,) 



M— ►oo , /9 - — 

io<l/2 s<SQ 

and 

sup/.;;f(Uf/.)=/^;^(^)- 

io<l/2 ,<^(, 

Let V be an open set of H' and [/ - V n //i/^-. Let A - ^^^(t/) and A'^ = {^'^y\U). 
Since the images of ^at and ^jj^ are almost surely included in H^^^~, we have A = ^'f^{V) and 
A^ = (0J^)"i(V). The inequahty (|49l) can be rewritten as 

P(A)<liminfP(A*'). 

A/— ►oo 

Since V is an open set, for all w e A there exists £ > such that (Pn{oS) + B^ is included in V. As 
(j)^ converges towards cpi^ in L^(Q, //*), for almost all u), (p'^ico) converges towards (p^ioS). This is 
due to the fact that for all od eQ., the sequence \\^^{(jj) - (Pn{(jS)\\h^ decreases when M increases. 

Hence, there exists Mq such that for all M > Mq, ^^{co) e <Pn{(jJ) + BeCiV, thus co belongs to 
A^, that is to say 

wel J n A'^ = liminfA'^. 

Mo M>Mo 

Hence, A is included in lim inf A^ up to a set of probability. Therefore, 

P(A)<P(liminfA^) 
and the application of Fatou's lemma concludes the proof. n 

We call /i^ the image measure of //a^ through S{t), that is 

ti'^{A)^tiM{S{ty'A). 
Proposition 5.6. For every t and every N, we have that 
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Proof. Let s < 1 /2, F be a closed set of W and Bg, be the open ball of radius e and center in //^. 
As F + Bg is an open set of //'* and S (?) preserves the H^ norm and thus the topology, we have that 
S{ty^{F + Bg) is an open set of H\ Hence, we have that 

l^'„{F) < fi'j,iF + B,) = iUN{S{t)-\F + B,)) 

and using Proposition 15.41 

t/j,{F) < \immi ^i'^{S{tr\F + B,)) . 

Since the vector space spanned by {c„, s„,n = N + I,. . . ,M] is stable under S{t), that S{t) is a 
rotation on this space and fi^ is a Gaussian vector supported on this space with mean value 0, we 
have that ju^ is invariant under the transformation S{t). Therefore, we get that 

l^^{S{ty\F + B,))=iu^{F + B,). 

Then, we use that the lim inf of a sequence is less than its lim sup and that Bg is included in the 
closed ball B^ of center and radius e to get 

yu;v(^)<limsup//j;f(F + B;). 

Using Corollary 15.51 we get that 

fi'^iF) < fiNiF + Bl) . 

Finally, we apply the dominated convergence theorem (F is closed) to get 

fi'^iF) < lUNiF) . 
To get the reverse inequality, we use the reversibility of the flow, yielding 

I^n{F) = M(S{t) o S{-t))-'F) = iA-^'{S{t)-'F) < iiN{S{t)-'F)) = ii'j,{F) 
Therefore, for any closed set of H\ 

I^N^F) = I^n(F) , 

and since this equality is preserved by taking the complementary sets and countable disjoint unions 
and is true for any closed set of H\s < 1/2, it holds for all sets in the topological cr-algebra of 

5.3 Invariance under the non linear flow 

Proposition 5.7. The measure p/v is invariant under the flow ^N{t) of the approximation ofKdV 

that is for every time t and every measurable set A, 

p'l^iA) ■- pNi^^ity'A) ^ p^iA) . 
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Proof. We recall that p^? is defined as 

dpN{u) = Kfy{u)d^{u) 

with 

Mu) -;r(ll"llL2)^^^"~"^' = xmy)x{mNu\\:2)e'^'-'''"'>' . 

We write pj^ as 

dpNiu) = x{\\u\\L'>-)dvN{IiNu) ® dnN{{l - IVn)u) 

with 

dvNinNu) =xmNu\y)e'^^^^'"^'d^/'{u) . 

Recalling the structure of //^, we have that 

n=l n=l 

where 

da„db„n 



n 



is the Lebesgue measure on E^. The solution ^'N{t)u can be written 

*a?(Om = ^wCOCn^M) + 5(0(1 - nAr)M 

and besides, the quantity 

-(Urn? - :zid,UNuf 
6 2 

is an invariant of the equation (l50l ) as well as the L^ norm. As the equation (l50l l is Hamiltonian 
on f'jV) the Lebesgue measure on ^a^ is invariant through its flow thanks to Liouville theorem and 
the density of v^ with regard to the Lebesgue measure is invariant as well, hence v^ is invariant 
through *Piv(0- Besides, fi^ is invariant through the flow S (t). Finally, we have that for all A i € En 
and A2 € Ej^, using the structure of ^'n and vn, 

VN®^NCi'N(t)-\AiXA2)) = VN^HN{'i'N{tr\Ai)xS{t)-\A2)) 

= VNC¥N(tr'A0flN{S{tr\A2) 

and then the invariance of vn under the flow '^n and of hn under S (t), 

VN^IUNCi'Nity\AiXA2)) = VNiAi)fiNiA2) 

= Vn ® IUn(Ai X A2) 

where we see Ai x A2 as an isomorphic form of the set {u € //'''^~ : U^u e Ai , (1 - IT^v)" e A2}. 

Since the equality is true for every Cartesian product of En and Ej^, then it is true for all 
measurable set in the cr-algebra of the Cartesian product E^ (finite dimensional) and E^ (with 
topology H\ s < 1/2) that is for all measurable sets in H^/^~. 

Finally, as ^Nit) preserves the L^ norm, dp^iu) = x(u)dvN ® djiNiiu) is invariant through the 

flow of *PAr(0- □ 

Proposition 5.8. The measure p is invariant under the flow *P(0 ofKdV. 
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Proof. We recall from Lemma lTSl that there exists a time T > such that for all < i^i < ^^2 < 1/2, 
all /? > and all e > 0, there exists A^o such that for all u € B{s2,R) n B(0, 1) where B{s,R) is the 
ball in H' of center and radius R, all t € [-r, T] and all A^ > A^o, 

\mt)u - 'i>N{t)u\\HH < S . 

For /? > we call T„ = nT, /?„ = ^/nR and 



A{s,R) - limsupAV,-^) and A = I J(A(s,/?)) . 



s,R 



Lemma 5.9. The set A is of full p measure. 



Proof. We denote the complementary sets of any A depending on various arguments by the letter 
E, for instance the complementary set of A^{s,R) in H^^^~ is E^{s,R). First, 

Pn{E^{s,R))) = pNiWNiTnm^ > Rn+l) 

and as p^ is invariant through ^Nit), we have that 

Pn{E^{s,R)) = Pn{{\\u\\h^ > Rn+i)) < C,^-^'("+')^' . 
As E^{s,R)^ [jE^{s,R), 

PNiE''is,R)) < Y,Pn(E^(s,R)) < C,^-^'^' 

therefore as for all measurable sets pNiA) < p{A) + d\\f - //v||^i , we have that 

piE''{s,R)) < Ce-'^"' + d\\f - /;vll4 ■ 
As fN converges towards / in L?, and thanks to Fatou's lemma, 

p(E{s, R)) = piliminf E^{s,R)) < liminfpC^^C^,/?)) < C,£'~'^'^' . 

N N 

Taking the intersection over R gives 



p\(~]E{s,R) 

\ R > 







and the intersection over s yields p(E) = 0. Therefore, p{A) = 1. n 

Let us fix si < S2 and R and prove by induction over n that for all t e [-T^, r„], Y^vCO" 
converges towards *F(f)M in //*' uniformly for all u e A{s2,R). 

Initialization : n = 0. As To = by definition, ^'n{To)u = u = W(To)u. 

n ^ « + 1 : we assume that for all t e [-r„, r„], Ta?(Om converges towards ^'(t)u uniformly 
for u in A{s2,R). Thanks to the fact that u belongs to A{s2,R) we know that there is a subsequence 
^Nk{Tn)u that satisfies 
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Considering moreover the convergence of ^'N(Tn)u in //*' , we get by duality that the //'^ norm of 
*P(r„)M is bounded by Rn+i- Then for all t € [0, T], 

\mT„ + t)u - YyvC^n + t)u\\Hn < ||Y(Omr„)M) - 'Fw(Omr„)M)|b,n (5 1) 

+ WN{t){^{Tn)u) - 'VM{t){'VN{Tn)(u))\\Hn . (52) 

As the //^2 norm of ^{Tn)u is uniformly bounded in m € A{s2,R), and that ^N{t) converges (as 
? < r) in //'*' towards T(f) uniformly on any bounded set of Z/'^, we have that 

W{t){^>{Tn)u) - ^>N{t){'i>{Tn)u)\\HH 

converges uniformly in m € A{s2,R) towards 0. 
Then, since ^j^{T„)u can be written as 

'VN{Tn){nm)+S{t){{\-YlN)u) 

and 5(0 preserves the H^ norms and that T/v(r„) is continuous, as YijyiA{s2,R) is included in a 
compact set of Ep^, we get that ^i\i{T„)u is bounded uniformly in m € A{s2,R) but not necessarily 
uniformly in N. The fact that it is bounded in //^' uniformly in N comes for the convergence of 
the sequence ^'n(T„)u towards ^(Tn)u which is bounded by /?„+i uniformly in u. Hence, there 
exists R' such that for all u e A(s2,R) and N, the //'' norms of *F(r„)M and ^i^{Tn)u are bounded 
by 7?'. As ^N{t) is Lipschitz on any bounded set with a constant independent from N, we get that 

converges towards uniformly in u e A{s2,R). Indeed, we combine the uniform convergence of 
^N{ty¥{Tn)u towards ^{tyV{Tn)u (for local reasons) and the uniform convergence of 

4';v(0^iv(r„)M 

towards 'Vi^{tyi'{Tn)u (using the induction hypothesis) in (ISTI ). We get the uniform convergence 
of ^NiTn + t)u towards ^{Tn + t)u for all t € [-T, T] and by induction hypothesis, that *F^r(f)M 
uniformly converges towards *F(?)m for all t e [-r„, r„+i]. 

By using the same argument replacing T„ by -T„ and t by -t, we get that for all t in 
[-r„+i, r„+i], the sequence ^/v(Ow converges uniformly in m e A{s2,R) in //*'. 

We prove now the invariance of the measure. Let f e R and F be closed with regard to the 
topology //'*' and that its intersection with //'^^" is a subset oi A{s2,R), then as *F^(0 converges 
uniformly in A{s2,R) towards ^{t), we have that for all e > there exists A^o such that ^{ty^{F) 
is almost surely included in ^i^{ty^{F + B^), for all N > Nq hence 

p\F)<pC¥Nit)-\F + B,)). 

Then, comparing p and p/v, we have 

pCi'Nity'iF + B,)) < pMCVNity^F + B,)) + K\\f - M\l'^ . 

Using the invaiiance of p^r under ^j^;, we have that 

p'(F) < pn{F + B,) + K\\f - h^ < p{F + B,) + 2K\\f - /;vIIl; ■ 

We let N goto oo such that 

p\F)<p{F + B,) 
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and by applying the dominated convergence theorem, 

p\F)<p{F). 

The reverse inequality comes from the continuity and the reversibility of the flow. 

To get this inequality for all closed subset of H\ we need to prove the following lemma. 

Lemma 5.10. Let 5'i < 5'3 < S2- The closure ofA{s2,R) in //•*' is included in A{st,,2R, n)for all n 
with 

n 

A{s-i, 2R, n) = lim sup C] Af (53, 2R) . 

^ Lo 

Remark 5.3. The previous proof allows us to say that p\F) is equal to p{F) for all time t e 
[—Tn,Tn] as long as F is a closed subset of H"^ whose intersection with H^'^~ is included in 
A(s2,R,n). 

Proof, of Lemma 15.101 Let Uj be a sequence of A(s2,R) that converges towards u in //*'. As Uj 
is in A(s2,R), for all k, ^{Tk)uj is bounded by /?/t+i. But since T/v(r^) converges uniformly in 
A{S2,R) in any H' with s < S2, there exists Noik) such that for all A^ > Noik), W'i' N{Tk){uj)\\H'3 is 
bounded by 2Rk+\. Since Uj converges towards u and ^NiTk) is continuous, ^'n{Tic)uj converges 
towards ^i^{Ti^)u in //*' , but thanks to the uniform bound in j of \\^N{Tk)uj\\H'2 , WN{Tk)uj\\H'2 is 
bounded by 2Rk+\ as long as N > No{k). By considering A^o = max A^o(^) for ^ = 0, . . . , n, we get 
that u belongs to 

P f]A^{s,,R)c[j p p Af (.3,/?) -liminff^Af (.,/?) 

A'>A'o k=0 Mo N>Mq k=0 k=0 

which is included in the lim sup, that is A{s3 , 2R, n). n 

We now fix t and F a closed set of //*' . As the sequence T„ goes to 00, f belongs to [-r„, r„] 

c 

for some n. For /? > 0, we have that, with A{s2,R) the complementary set of the adherence of 
A{s2,R)inH'' 

p\A{s2,R))^y-p\A{s2,R)) 



and since A{s2,R) is a closed set in //*' included in A{st„ 2R, n), 



hence 



Therefore, for all R 



p\A{s2,R)) = piAis2,R)) > piAis2,R)) 



p'{A{s2,R))<C,,e-'^2''' 



\p\F)-p{F)\ < \p'iF)-p'iFnAis2,R))\ + 



\p\F n A{S2,R) - p{F n A{S2,R)\ + \p{F) - p{F n Ais2,R))\ 



as F nA{s2,R) is a closed setof //*' included in A{s3,2R,n), p'iF n A{s2, R) - p{F f^A{s2,R)is 
equal to 0. Then, 



\p\F)-p{F)\ < p\A{s2,R) ) + p{A{s2,R) ) 



< C,,e-''2'^ 
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We let R goto oo and we get that for all closed set of H\ 

p\F)=p{F). 

Since this equality is preserved by taking the complementary sets and by countable disjoint 
unions and that it is true for all s\, we get that for all measurable sets M of //'^^", p\M) - 
p{M). u 

Proposition 5.11. The invariant measure p belongs to M^pfor all 5 < 1/2 and p < oo. 

Proof. First, since p is defined by 

dp{u) - dx{\\u\\L2)e'6 f "' dfi{u) , 



we have that ||m||^2(t) is less than 1 p-almost surely, thus u belongs to L?',L^(T). 

Then, we need to prove that u belongs to Lp,H'\T). This is equivalent to the fact that ||m||^, 

is p integrable, that is, that ||M||^,;k"(||M||/,2)e6-' " is // integrable. But we know that \\u\\h< satisfies 
yu-large Gaussian deviation estimates 

ti(\\u\\H-^ >R)< Ce-'-^"' 
which ensures that ||m||^, is //-integrable for all q, and we recall 

together with the large Gaussian deviation estimates of ||m||l~, that is 

K\M\l- >R)< Ce-'"' , 
which ensures that (;kf(||M|li2)e6 J " j is jU-integrable for all q. Finally, we get that 

\\u\fjjamy)e'^^''' 

is integrable with regard to //. 

Therefore, p belongs to M, p. n 

Proposition 5.12. The measure p is stable in M^^p for the flow of KdV, in the sense that for all 
times t, there exist two constants C, c such that for all v e M^p, 

11/ - v\l,p < c/'"^'^"""cx2)"(l + lUII^. ,,Ollv -p||,,,p . 
Proof. We use the invariance of p to write 

ll/-y|L,p<||v'-p1l,v,p + llp-y|kp 
and the continuity of the flow of KdV for the Wasserstein metrics to get 

11/ -p'||.,p < c/'"^'^"""cx2)"(l + ||x||i._^,Ollv-p|| . 
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